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We find an intriguing relation between a class of three-dimensional nonunitary topological field theories
(TFTs) and Virasoro minimal models M (2, 2r + 3) with r > 1. The TFTs are constructed by topologically
twisting 3D N = 4 superconformal field theories (SCFTs) of rank-0, i.e., having zero-dimensional
Coulomb and Higgs branches. We present ultraviolet (UV) field theory descriptions of the SCFTs with
manifest ANV = 2 supersymmetry, which we argue is enhanced to A/ = 4 in the infrared. From the UV
description, we compute various partition functions of the TFTs and reproduce some basic properties of the
minimal models, such as their characters and modular matrices. We expect more general correspondence
between topologically twisted 3d N =4 rank-0 SCFTs and 2D nonunitary rational conformal field

theories.
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Introduction.—Two-dimensional rational conformal
field theories (RCFT) have played essential roles in a wide
range of physical systems, including critical phenomena in
statistical physics and string theory. They represent the
simplest class of theories with conformal symmetries,
which are characterized by the property that the Hilbert
space decomposes into a finite sum of the vector spaces,

H= @M(I&V(x ® Vr}’ (1)

where V, and V are representations of some chiral algebra
A and A. The most extensively studied examples are
Virasoro minimal models. These describe various 2D
statistical systems at critical points (e.g., Ising model),
including nonunitary cases (e.g., Lee-Yang model).

It is well known that the chiral algebra A of a 2D unitary
RCFT describes the gapless chiral edge modes of a 3D
topological field theory (TFT) [1]. While this bulk-
boundary correspondence has been thoroughly investigated
for unitary theories over the past few decades, what
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happens for nonunitary theories has remained notably
unclear.

In this Letter, we construct a novel class of 3D TFTs,
which are expected to support nonunitary two-dimensional
rational chiral algebras on their boundaries. We argue that
these 3D TFTs can be constructed from a certain family of
3D N = 4 superconformal field theories (SCFTs). A key
characteristic of these SCFTs is that they are rank-0, i.e.,
their Coulomb and Higgs branches are zero dimensional.
The first examples of such theories were discovered
in [2,3].

In general, these 3D theories do not admit a Lagrangian
description that preserves the full N' = 4 supersymmetry.
Instead, we will present an ultraviolet (UV) field theory
description with manifest A” = 2 supersymmetry which
flows to an infrared (IR) fixed point with enhanced
supersymmetry. Each A/ =4 theory at the fixed point
admits two topological twists [4] which produce two
distinct 3D TFTs. These topological theories are in general
nonunitary and do not have local operators.

Despite the absence of a Lagrangian description of the IR
theory, the AV =2 UV description enables exact compu-
tations of various observables in the topologically twisted
theories. These computations allow us to extract the data of
the corresponding boundary algebra, such as its characters
and modular data.

Published by the American Physical Society
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For concreteness, in this Letter, we focus on a simple
class of TFTs that reproduce the data of nonunitary
Virasoro minimal models M(2,2r+3) for r>1.
However, we expect that this correspondence exists for a
more general class of rank-0 theories and nonunitary
RCFTs. We will discuss their construction and classifica-
tion in an upcoming paper [5].

A class of 3D N =4 rank-0 theories.—An N =2
description: Let us consider the following class of 3D
N =2 Abelian Chern-Simons matter theories, which we
call 7,:

Uk + @oeips (2)

with the superpotential deformation,
W=V ++Vn,- (3)
The charge of the ath chiral multiplet @, under the bth
U(1) gauge symmetry is &,,. There are mixed Chern-

Simons interactions among the Abelian gauge fields given
by the following level matrix [6]:

1 1
1 2 2
1 2
K,=2 NG
1 2 3 r—1 r—-1
1 2 3 r—1 r

which coincides with 2C(T,)~", where C(T,) is the Cartan
matrix of the tadpole graph, obtained by folding the Cartan
matrix of A, in half. The V,,’s are 1/2 BPS, gauge-
invariant, bare monopole operators with fluxes [8]

m, = (2,-1,0,...0),
m, = (-1,2,-1,0,...0),

m,_, =(0,...—1,2,—1). (5)

After the monopole deformation, the 3D N = 2 gauge
theory has an unbroken U(1) flavor symmetry which we
denote by U(1),. The charge A of this flavor symmetry is

A= zr:aMa, (6)
a=1

where M, is the topological charge of ath U(1) gauge
symmetry. The theory also has a U(1) R symmetry which
can be mixed with the U(1), flavor symmetry. We denote
the R charge at general mixing parameter v € R by R,, i.e.,

Ry = RO + IJA. (7)

We choose the reference R charge, R, to be the super-
conformal R charge, which can be determined by F
maximization [9].

Supersymmetry enhancement: Here we claim that the
N = 2 gauge theory 7, flows to an A/ = 4 rank-0 SCFT in
the IR with an accidental supersymmetry (SUSY) enhance-
ment. For the r = 1 case, SUSY enhancement was claimed
in [2] by demonstrating several pieces of nontrivial evi-
dence. We give similar evidence for general r. Under the
SUSY enhancement, the manifest U(1), x U(1), symmetry
is expected to become an SO(4), ~ SU(2)- x SU(2), R
symmetry with the following embedding

R, = (J§ +J¥) +v(J§ = J%). (8)

Here J3C/ " are the Cartan generators of the SUQ2)¢/m R
symmetries, whose charges take half-integral values.

To see the SUSY enhancement, we compute the super-
conformal index Z(q,n;v), which is defined as

Tyilq,m;v) = TrHrad(sz)(—1)R”Q(R”/2)+j3’7A- )

Here H,,q(S?) is the Hilbert space of radially quantized
theory on S? and j; € (Z/2) is the spin. The index can be
computed via supersymmetric localization [10,11] and
we find

1
Tyi(gmv=0)=1-¢q- <n - 5) 7?4+ 0(q*).  (10)

Only g2%>0 terms appear in the index, which is the first sign
of an enhancement. Further, the terms — [ + (1/7)]¢*/>
can only come either from extra SUSY-current multiplets or
chiral primary multiplets with superconformal R charge 3
[12]. Performing a semiclassical analysis of H,,q(S?), one
can verify that there are two 1/4 BPS dressed monopole
operators which have Ry = j; = 1 and A = *£1, which are
exactly the same as that of 1/4 BPS operators in extra-
SUSY multiplets. The monopole operators are

(1), r=1
(Or—Z’ _17 1)7
and 33V 10, -

vV, with m:{
r>1

Here (¢,,y,) are the (scalar, spinor) in the ath chiral
multiplet. On the other hand, we cannot find any chiral
primary operator with Ry = 3 in the semiclassical analysis.
Thus, it is natural to conjecture that there exist extra SUSY-
current multiplets in the IR. Another supporting fact is that
there is an exact match between the central charges of
U(1)g and U(1), which can be computed using localiza-
tion [I13-16]. This is expected if the symmetry
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enhancement occurs, as they would be related by an
element of the Weyl group of SO(4)g. Finally, the 7,
theory has a dual field theory description with manifest
N =3 SUSY [17]. Combining the manifest N =3
symmetry with the superconformal index computation,
one can argue that the symmetry is enhanced [18].

Two topological twists.—Being 3D N =4 theories,
each of the IR SCFTs admits two nilpotent topological
supercharges Q4 and Qp, which we can use to perform two
topological twists. They are defined by replacing the
SU(2) rotation group by the diagonally embedded SU(2)
subgroup of SU(2)p x SU(2), or SU(2); x SU(2),
which we call the topological A twist or B twist. We
denote the resulting topological field theories by TFT, and
TFTjp, respectively.

The local operators of the two topologically twisted
theories are the Coulomb branch chiral rings and the Higgs
branch chiral rings, respectively. At the level of the
superconformal index, the topological A twist is realized
by taking the limit v — —1 with n = 1, while the topo-
logical B twist is realized by taking the limit v — 1 with
n =1 [19,20]. For the class of theories discussed in the
previous section, we find

Isci(qa”:Ll/:j:l):l’ (11)

which agrees with the expectation that the Higgs and
Coulomb branches are trivial for this class of theories.

In this Letter, we focus on the properties of the A-twisted
theories and leave a general analysis for the B-twisted
theories in an upcoming paper by one of the authors [21].

Fermionic sum representations of the minimal model
characters.—The partition function of a RCFT on a torus
with complex structure z can be written as a combination of
a finite number of holomorphic and antiholomorphic
functions in ¢ = %",

2(.9) = Y Muara@)7a(@), (12)

a,a

where the holomorphic functions y,(g) are called the
characters of the representations V,. The invariance of
the partition function under the modular transformation,

ar+ b
ct+d

T —

f0r<j Z)eSL(Z,Z), (13)

implies that the RCFT characters transform as vector-
valued modular functions.

The motivation for the UV description 7, in the previous
section comes from the following expressions for the
characters of nonunitary Virasoro minimal models
M(2,2r + 3) [22-25]:

»m’K mty " amg—(Qa) mtha—5;

’

’"E(Zzo)r <q)m1"'(q)m,

(14)

where the 7 x r matrix K, coincides with the Chern-Simons
level matrix (4) and Q, are rank-r vectors whose compo-
nents are

<%»:{? =V )

E(Kr)aa’ 1 <asr
We also define

_ala=2r—1)
T 4r+6

2r(6r +5)
and ¢ = _2}’7—‘,—37 (16)

=

which are the conformal dimensions and the central charge.
Finally, the denominator is a product of g-Pochhammer
symbols, defined by

m

[T -4 (17)

i=1

(@) =

The simplest nontrivial example is the Virasoro minimal
model M(2,5), whose characters are
m +m+” S m2—$

= q Y

m=0 m=0

These characters transform as a vector-valued modular
function under the SL(2, Z) transformation (13).

l/T Zsaﬂ)(ﬂ(f )(a T+1 ZTaﬂ)(ﬂ(T (19)

where S and T are the generators of SL(2, Z) that satisfy
the relation S? = (ST)* = I [26]. They can be explicitly
written as

g 2(—1)rtets “in (2ﬂ(a+ 1)+ 1))
@ ar+3 2r+3 ’

Typ = by p€Xp (271'1' (ha - 2_c4> ) (20)

We note that these are the simplest examples of char-
acters that can be written in a so-called fermionic sum
representation,

Im'Am+B'm+C

>

. (21
m=(my,....m;) € (Zs0)" (@Dm,

Xap.0)(q) = (@,

where A is a r X r positive definite symmetric matrix, B is a
r-dimensional vector and C is a real number. There exists a
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large class of CFTs whose characters can be written in a
fermionic sum representation or its generalizations. In
particular, they have been extensively studied with regard
to the characters of Virasoro minimal models [22-25]
and the characters of a certain class of logarithmic
CFTs [27,28].

Half-indices.—The half-index or the supersymmetric
partition function on D? x ,S', introduced in [29,30],
counts the boundary operators annihilated by the super-
charges that are preserved by a chosen supersymmetric
boundary condition on d(D? x ,S') ~ T?. More precisely,
it computes

Ry |
Inas = Trpa (=1)Regz g, (22)

where the trace counts the local operators on the boundary
torus. If the boundary condition is compatible with the
topological supercharge Q4 (or Qp) in the IR, the half-
indices in the limit v — —1 (or v — 1) with # = 1 calculate
the characters of the boundary algebra for each topologi-
cally twisted theory.

The UV description of the 7', theory (2) is designed in a
way that its half-index reproduces the characters of the
Virasoro minimal model M(2,2r + 3) in a specific limit.
Indeed, if we impose the Dirichlet boundary conditions for
all the AV =2 U(1) vector multiplets and the deformed
Dirichlet boundary conditions for all the chiral multiplets in
the 7, theory [31], the half-index reads [32,33]

1.1
sm' K .m ,

[(—g! /2= g] 2t e

Ihat(q.n.v) =
< [[(a" " 4)o- (23)

where we define (x;q), = [[ (1 — ¢"x). We observe
that this expression in the A-twist limit =1, v = —1
coincides with the vacuum character of the Virasoro
minimal model M(2,2r + 3) up to an overall factor [34],

2.2r+3 _c
G (g) = g File(g, 1, -1). (24)

The characters of other modules M, can be obtained by
inserting loop operators. We consider the Wilson loops
L, . r whose charge under the ath U(1) gauge group
factor is given by the formula (Q,), in (15). The half-index
I4[L,] in the presence of L, reproduces the rest of the
characters of M(2,2r + 3) [36]

20 B (g) = g ELL) (g), (25)

for all @ =1, ..., r. The choice of these particular sets of
loop operators will be justified in the following section.

In order to claim that these expressions are the characters
of the boundary algebra of TFT}, it is crucial to ensure that
the boundary conditions are compatible with the topologi-
cal supercharge Q, in the IR theory. In general this is a
nontrivial task for theories which only have N =2
descriptions. See Ref. [21] for the discussion of this issue
in the context of deformable boundary conditions in the
holomorphic-topologically twisted theory.

Partition Functions on Seifert manifolds.—The super-
symmetric partition functions of A/ =2 theories on a
Seifert three-manifold M5 are completely determined by
the twisted effective superpotential W and the dilaton
potential Q [7,15,37,38]. For the 7, theory, we have

r

1 r
Wr(u) = Z §<Kr>ahuauh + Zé‘aua
a=1

a,b=1
+ ; i Liz(ez’””u)
(27i)? e ’

1 .
Q{1 = 375 clog(1 = ) + (v~ Da, - (26)
where { is the real mass parameter for U(1), symmetry. If
Ms is a degree-p circle bundle over a genus g Riemann

surface, the partition functions can be written as
Z

T, = RO () FP (), (27)

{P(u)=1}

!]-F[

where
H(u) = exp[ZniQr}del:’taaabW,,
F(u) = exp2zi(W, — u,0,W — {0, W)] (28)

with x, = >« [39]. These functions are then evaluated
on the solutions to the so-called Bethe equations:

P(u) = exp [2niav(;/7r(u)} =1 fora=1..r (29

a

which reads, for 7 ,,

l—x, = nangKr)ab’ n= o2l (30)
b=l

This system of equations has exactly r 4 1 solutions, which
we denote by {u}_, .}

In the twisting limit (v,7) = (-1, 1), the supersymmet-
ric partition function (27) can be written in terms of the
modular data [40]:

Zy T wmy=c11) = Zsf);ng&f, (31)
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where a labels modules of boundary algebra and (S, T') are
the modular matrices that transform the characters as in
(20). By comparing (27) and (31), we can extract the
modular data, more precisely the set {S3,7.4}, by
identifying it with {H(u3)~", F(us)} [41].

The full modular data and the precise map between the
Bethe vacua u, and the modules M, (or, equivalently,
the loop operators L,) can be constructed by requiring the
relation [42,43]

Lo(ug) = Sao/Soo = £1/ H(ug)/H(uz),  (32)

where L,(u;) is the loop operator L, evaluated on the
Bethe vacuum u; For this class of theories, we consider

Wilson loops L with gauge charges (Qy, ..., Q,), which
contributes

L(up) = [T - (33)

B

Then the following identity
Saﬂ = La<M;)SOﬁ with SOﬂ = :I:l/ H(H;), (34)

together with the SL(2, Z) relations and the non-negativity
of the fusion rule coefficients, determines the S matrix up to
an overall sign and the 7" matrix up to an overall phase
factor of the form exp(2ziZ/3). This procedure determines
the precise set of lines L, as stated in the previous section.
The § and T matrices computed in this way agree with the
modular matrices of the Virasoro minimal model
M(2,2r 4+ 3), as given in (20) [44].

Discussion.—In this Letter, we constructed a class of
rank-0 SCFTs inspired by the characters of nonunitary
minimal models. By applying the correspondence in the
reverse direction, a novel class of nonunitary RCFTs is
introduced [47], which correspond to well-studied exam-
ples of rank-O SCFTs. In this way, we expect the corre-
spondence to help explore uncharted landscapes of 2D
RCFTs as well as 3D SCFTs.

The fermionic sum formulas for characters are known for
a much larger class of RCFTs. In particular, Nahm [24] and
Zagier [48] classified modular functions of the form of (21)
for small values of r, which can therefore be candidates for
characters of an RCFT. In an upcoming work [5], we will
extensively study the classification of the rank-0 theories
that give rise to these characters and discuss the relation to
the work of Zagier [48].

One of the important questions is whether one can
explicitly construct the boundary rational vertex algebras
for the TFTs discussed in this Letter. As a first step toward
this goal, in an upcoming paper [21], the boundary algebras
for the B-twisted theories will be studied via the holomor-
phic-topological twist of the UV gauge theories.
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